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Abstract. A stochastic model of grain surface chemistry, based on a master equation description of the probability
distributions of reactive species on grains, is developed. For an important range of conditions, rates of molecule
formation are limited by low accretion rates, so that the probability that a grain contains more than one reactive
atom or molecule is small. We derive simple approximate expressions for these circumstances, and explore their
validity through comparison with numerical solutions of the master equation for H, O and H, N, O reaction
systems. A more detailed analysis of the range of validity of several analytic approximations and numerical
solutions, based on exact analytical results for a model in which H and H2 are the only species, is also made.
Though the use of our simple approximate expressions is computationally efficient, the solution of the master
equation under the assumption that no grain contains more than two particles of each species usually gives more
accurate results in the parameter regimes where the deterministic rate equation approach is inappropriate. The
implementation of sparse matrix inversion techniques makes the use of such a truncated master equation solution
method feasible for considerably more complicated surface chemistries than the ones we have examined here.

Key words. astrochemistry – molecular processes – methods: analytical – ISM: clouds – dust, extinction – ISM:
molecules

1. Introduction

Allen & Robinson (1977) developed the first interstellar
gas-grain model wherein the surface chemistry is limited
by the accretion rates of gas-phase species adsorbing on to
the surface. They assumed that (i) all products of surface
reactions are immediately injected into the gas-phase, and
(ii) once two reactive species are adsorbed on the surface
they will react before a third species arrives. Tielens &
Hagen (1982) extended the model of Allen & Robinson
to allow grain mantle accumulation; a Monte Carlo ap-
proach was employed to calculate the steady-state sur-
face concentrations. The Allen & Robinson (1977) and
Tielens & Hagen (1982) models represent the first at-
tempts to apply a stochastic approach to the modelling of
grain surface kinetics. Monte Carlo techniques to model
the surface chemistry in interstellar clouds were subse-
quently employed by a number of authors (e.g. Tielens
& Allamandola 1987; Tielens 1995; Charnley et al. 1997;
Tielens & Charnley 1997). Charnley (1998) has employed
a Monte Carlo technique to solve the master equation gov-
erning a model of interstellar gas phase chemistry and first
suggested that a master equation approach can be applied
to the problems of grain surface chemistry and to the cou-
pling of the gas phase and grain surface chemistries in
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interstellar clouds. If a grain surface is expected to con-
tain few reactive species, such an approach to the treat-
ment of the surface chemistry provides more accurate re-
sults than the deterministic rate equation method (Ruffle
& Herbst 2000). Owing to the computational expense of
Monte Carlo methods, and the fact that, to date, it has
not been possible to couple such an approach with a fully
time-dependent gas-phase chemistry, Caselli et al. (1998)
and Shalabiea et al. (1998) have introduced and employed
modifications to the deterministic rate equations in an at-
tempt to generalize such models so that they can be ap-
plied validly to problems in which the surface chemistry
is accretion limited.

Here, we address the problem using a master equation
approach to describe the probabilities that discrete num-
bers of atoms are adsorbed on a grain. In Sect. 2 an exact
analytic solution is derived for the rate of H2 formation
in a system in which H and H2 are the only species. The
approach is then extended in Sect. 3 to the more complex
systems addressed by Caselli et al., where we employ a
numerical solution. We also make use of the fact that for
a wide variety of interstellar environments the probability
that a grain has more than one reactive atom or molecule
on its surface is small. We introduce an approximation
that yields analytic solutions that can readily be incorpo-
rated in numerical integrations. The approximations are
compared with results from a virtually exact treatment
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of the simple H, H2, O, OH, and O2 problem addressed
by Caselli et al. In Sect. 4 we apply approximations to
a bigger system, which also contains H2O, N, NH, NH2,
NH3, and NO, as considered by Caselli et al. Though we
have found that the simple approaches that we used to
obtain results for Sects. 3 and 4 work well for the param-
eter regimes explored by Caselli et al., they are not valid
for all parts of parameter space. To gain a better idea of
their ranges of validity and to explore the utility of simple
approximations, we investigate in Sect. 5 the errors in-
troduced by several approximations for the H/H2 system
over a wide range of parameter space. We show that good
approximations can be established. Section 6 concludes
the paper and contains a consideration of the physical
conditions in star forming regions where the simple ap-
proximations used in Sects. 3 and 4 should give reliable
results.

2. An exact analytical treatment of a model
of the pure hydrogen system

Under conditions where reactions are second order, but
only a very small number of particles are able to react, the
classical deterministic nonlinear rate laws are well known
to break down. Under these conditions it is necessary to
characterise the system using a probability distribution
for the numbers of particles of each species present and to
deduce the expectation kinetics from the rates of transi-
tion between the possible states of the system. Stochastic
kinetics, and in particular methods for solving the master
equation, have been extensively reviewed by McQuarrie
(1967), and has been applied in many areas.

In a simple grain model in which only hydrogen atoms
and molecules are present in the gas phase and only H2

(assumed to be unreactive) is produced by surface chem-
istry, P (i) is the probability that a grain contains i hydro-
gen atoms. The master equation governing the system is

dP (i)
dt

= aH[P (i−1)−P (i)]+dH[(i+1)P (i+1)−iP (i)]

+
1
2
kH,H[(i+2)(i+1)P (i+2)−i(i−1)P (i)] (1)

where aH is the rate of accretion, dH and kH,H the rate
coefficients for desorption and reaction on the grain. We
suppose that steady state equilibrium pertains.

We define the generating function

g(s) ≡
∞∑
i=0

P (i)si. (2)

Use of (1) and (2) and dP (i)/dt = 0 gives

1
2
kH,H(1− s2)

d2g

ds2
+ dH(1− s)dg

ds
− aH(1− s)g = 0. (3)

Defining

r ≡ 1 + s (4)

α ≡ aH

kH,H
(5)

δ ≡ dH

kH,H
(6)

f(r) ≡ rδg(r) (7)

we rewrite (3) as

d2f

ds2
+
[
δ(1− δ)
r2

− 2α
r

]
f = 0 (8)

which is a standard form of Bessel’s equation (cf.
Abramowitz & Stegun 1964, 9.1.50 with imaginary λ).
Making the appropriate identifications with this standard
form and transforming back we obtain the general solution
for the generating function

g(r) = Ar(1−δ)/2I1−2δ(
√

8αr) +Br(1−2δ)/2

×I−(1−2δ)(
√

8αr). (9)

We would expect the nth moment of i,

< in > =
∞∑
i=0

inP (i), (10)

to be finite for any value of n. This, together with Eq. (2),
implies that for any value of n

gn(s = 1) = 0 (11)

where

gn ≡ dng
dsn
· (12)

Now the two terms in the general solution (Eq. (9)) have
different behaviour at r = 0.

r(1−2δ)/2I1−2δ(
√

8αr)→ (r
√

2α)(1−2δ)

Γ(2− 2δ)
(13)

r(1−2δ)/2I−(1−2δ)(
√

8αr)→ (
√

2α)−(1−2δ)

Γ(2δ)
· (14)

Hence, the solution is not differentiable at r = 0 unless
the constant A is zero. Thus, we find that

g(s) = B(1 + s)(1−2δ)/2I−(1−2δ)(
√

8α(1 + s)). (15)

The constant B can be found from normalisation, since
g(s = 1) = 1 as seen from Eq. (2) and the requirement
that the probabilities sum to unity. Hence,

g(s) =
(

1 + s

2

)(1−2δ)/2 I−(1−2δ)(
√

8α(1 + s))

I−(1−2δ)(
√

16α)
· (16)

The probability of state i can be found from the generating
function by differentiation:

P (i) =
g(i)(s = 0)

i!
· (17)
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It is possible to find a general form for the derivatives of
the generating function. Substituting z =

√
8α(1 + s) we

find

g(i) =
22(i−(1−2δ))α(i−(1−2δ)/2)

I−(1−2δ)(
√

16α)

(
1
z

d
dz

)i (
zνI−(1−2δ)(z)

)
=
(

1 + s

2

)(1−2δ)/2( 2α
1 + s

)i/2
×
Ii−(1−2δ)(

√
8α(1 + s))

I−(1−2δ)(
√

16α)
(18)

which gives explicit solutions for the occupation probabil-
ity of state i

P (i) =
g(i)(0)
i!

=
(

1
2

)(1−2δ)/2 (2α)i/2

i!
Ii+2δ−1(

√
8α)

I2δ−1(
√

16α)
· (19)

The formation rate of H2 is

Γ(H2) =
kH,H

2

∞∑
i=0

i(i− 1)P (i) =
kH,H

2
< i(i− 1) > . (20)

This equation points out the two basic differences between
a stochastic solution and a deterministic solution. Firstly
the number of pairs on the surface is i(i–1)/2. Secondly
note the correct position of the expectation. In determin-
istic kinetics the rate is assumed proportional to < i >2.
The deterministic equation therefore ignores the −i, which
is extremely important if the number of particles present
is very small, as on a typical grain surface. In addition,
it assumes < i2 >=< i >2, which is equivalent to ne-
glecting statistical fluctuations in the number of particles,
and is the reason for describing the classical rate law as
deterministic. From Eqs. (2) and (20) we find that

Γ(H2) =
kH,H

2
d2g(s = 1)

ds2
· (21)

Use of (18) in (21) gives

Γ(H2) = ΓE(H2) ≡ kH,H

2
α
I1+2δ(

√
16α)

I−1+2δ(
√

16α)
(22)

an exact result.
The model’s validity is subject to a number of restric-

tions. One is that aH varies only on a timescale very long
compared to that for equilibrium on the surfaces to be
approached. If < i >≤ 1, a−1

H is a rough upper bound
to the timescale for equilibrium to be reached on a grain
surface; if < i >� 1, the deterministic rate equation can
be used to give an estimate for < i > and the timescale for
equilibrium on a grain surface to be reached is found to be
approximately a−1

H [−δ + (δ2 + 4α)1/2]/2. Juna (1974) ar-
gued that H2 and H data for diffuse interstellar clouds are
in harmony with the gas phase H2 formation rate per unit
volume being of order 10−17 cm−3 s−1 (nHn(H)/cm−6)
at 10 K, with nH and n(H) being the gas phase hydro-
gen nucleus and atomic hydrogen number densities. For
nH = 105 cm−3, which is typical for a dark region in a
dense core (cf. Myers 1990), and n(H) = 1 cm−3, and

aH = 1.45×10−5 s−1(n(H)/cm−3) (e.g. Caselli et al. 1998),
the ratio of the timescale on which n(H) and aH change to
a−1

H is of the order of 107. As long as [−δ+(δ2 +4α)1/2]/2
is much smaller than this large quantity, the assumption
of a constant value of aH is reasonable.

Another restriction is that the number of hydrogen
atoms on a typical grain is much smaller than the num-
ber of reaction sites on it. That latter number has been
suggested to be of the order of 106 (e.g. Tielens &
Allamandola 1987). As long as [−δ + (δ2 + 4α)1/2]/2 is
much smaller than this large number and it is a reasonable
estimate for the number of reaction sites the restriction is
unimportant.

Biham et al. (2001) have also examined the H/H2

system using numerical solutions of the master equation.
They incorporated desorption of H2 which is not included
explicitly in the treatment given above. The only reaction
taking place on the surface is H + H the desorption of
H2 is irrelevant to the steady-state rate of H2 production
and so our analysis is unaffected by it. If H2 also reaches
a steady-state on the grain then the rate of desorption is
equal to the rate of production, Γ(H2).

3. The method applied to the hydrogen
and oxygen system

To extend the method to more complex systems we focus
on the H, H2, O, OH, and O2 problem addressed by Caselli
et al. (1998), in which reactions are limited to

H + H → H2 (23)
O + H → OH (24)
O + O → O2. (25)

The “exact” production rates of H2, OH, and O2 are

Γ(H2) =
kH,H

2

∞∑
i=2
j=0

P (i, j)(i)(i− 1), (26)

Γ(O2) =
kO,O

2

∞∑
i=0
j=2

P (i, j)(j)(j − 1), (27)

Γ(OH) = kO,H

∞∑
i=1
j=1

P (i, j)(i)(j), (28)

where P (i , j ) is the probability that a grain surface con-
tains i hydrogen atoms and j oxygen atoms.

The P (i, j)s form the solution to a master equation
which, for the simple system under investigation, is
dP (i, j)

dt
= aH[P (i− 1, j)− P (i, j)] + aO[P (i, j − 1)

− P (i, j)] + dH[P (i+ 1, j)(i+ 1)− iP (i, j)]

− kH,H

2
[P (i, j)(i)(i− 1)− P (i+ 2, j)(i+ 2)(i+ 1)]

− kO,O

2
[P (i, j)(j)(j − 1)− P (i, j + 2)(j + 2)(j + 1)]

− kO,H[P (i, j)(i)(j)− P (i+ 1, j + 1)(i+ 1)(j + 1)], (29)
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Table 1. Rates and rate coefficients in s−1 used in the H, O
and H, N, O systems (Caselli et al. 1998).

kH,H 1.02(+05) aH 1.45(–05)× (n(H)/cm−3)

kO,H 5.1(+04) aO 3.6(–06) × (n(O)/cm−3)

kO,O 8.4(–05) aN 3.9(–06) × (n(N)/cm−3)

kN,O 8.7(–05)

kN,N 9.0(–05)

dH 1.9(–03)

The accretion rate of a speciesm, am, depends on the gas-phase
number density of the species, n(m), and refers to accretion on
to an average grain at 10 K. The notation a(b) implies a×10b.

where aH and aO are the rates at which atomic hydro-
gen and atomic oxygen are accreted from the gas phase,
and dH is the rate coefficient for atomic hydrogen desorp-
tion. Desorption of O is assumed negligible. Values of the
rates and rate coefficients are presented in Table 1 (cf.
Caselli et al. 1998). In this paper we neglect time deriva-
tives as gas phase chemical composition changes on much
longer timescales than those relevant to the active surface
chemistry.

Solutions to the master equation for large trunca-
tion values of i, j were obtained through the use of the
row-indexed method for the inversion of a sparse matrix.
Examination of the results under the conditions of interest
shows that the P (i, j)s decrease very rapidly as i and j are
increased. Since the master equation becomes increasingly
complex as additional chemical species are introduced it is
useful to consider approximations to the master equation
approach.

Though a lower value of kH,H has been advocated
(Katz et al. 1999) we use the values of kH,H and kO,H

adopted by Caselli et al. (1998). The physical chemical
microprocesses regulating the formation of H2 on grain
surfaces are currently the subject of considerable theoret-
ical and experimental investigation aimed at the removal
of the huge uncertaintly in kH,H; Charnley (2001) has
stressed that the kinetic calculations based on the results
of such investigation yield values of kH,H and other rate
coefficients that depend extremely sensitively on the as-
sumed dimensionality of the grain surfaces, and that two-
dimensional rather than one-dimensional diffusion theory
must be used if the grain surfaces are two dimensional.
Because kH,H is so large, we can develop analytic approx-
imations by assuming that on any grain that already con-
tains a reactive species, a reaction occurs instantaneously
when a new H atom is accreted. Thus, we may take all
P (i, j) s except P (0, 0), P (0, 1), and P (1, 0) to be small.
The values given for P (i, j) by the approximate method
will be designated PA(i, j). Our basic assumption leads us
to take

PA(0, 0) + PA(0, 1) + PA(1, 0) = 1. (30)

Consistent with our main assumption, we take

Γ(H2) ≈ ΓA(H2) ≡ aHP
A(1, 0). (31)

For similar reasons we use

Γ(OH) ≈ ΓA(OH) ≡ aOP
A(1, 0) + aHP

A(0, 1). (32)

Because the value of kO,O is markedly less than the values
adopted for kH,H and kO,H, our approximation to Γ(O2) is
somewhat different, in order to account for the possibility
that one (or both) of the O atoms may react with an
accreting H before O2 can be formed. It is

Γ(O2) ≈ ΓA(O2) ≡ kO,OP
A(0, 2) (33)

where

PA(0, 2) =
aO

aH + aO + kO,O
PA(0, 1). (34)

Substituting PA(0,0), PA(0,1), and PA(1,0) for P (0, 0),
P (0, 1), and P (1, 0) in Eq. (7), taking all other P (i, j)’s to
be negligible, and using Eqs. (30) through (34), we find

PA(0, 0) =
{

1 +
aH

aH + aO + dH
+

aO

aH + aO

}−1

(35)

and

ΓA(H2) =
a2

HP
A(0, 0)

aH + aO + dH
(36)

ΓA(OH) = aOaH

[
1

aH + aO + dH
+

1
aO + aH

]
PA(0, 0) (37)

ΓA(O2) =
kO,O

kO,O + aO + aH

a2
O

aO + aH
PA(0, 0). (38)

Figures 1 and 2 in Caselli et al. contain their results for
the system we are considering in this section. We took
values of all rates and rate coefficients to be identical to
those used by Caselli et al. in their standard rate equation
calculations (cf. Table 1), and as they did, we took the
number density of gas phase atomic oxygen, n(O), to be
1 cm−3 and let the value of the gas phase number density
of atomic hydrogen, n(H), vary.

Figure 1 shows results for the mole fractions of H2,
OH, and O2 given by the use of the approximate forma-
tion rates in Eqs. (36) to (38) and by the rate equations
for the various values of n(H), and for the fixed value
of n(O) = 1 cm−3. The lower half of that figure gives
the percentage differences between the approximate mole
fractions and the mole fractions obtained from the master
equation approach (Eqs. (26)–(29)) under the assumption
that P (i, j) = 0 if i or j > 2. The upper half of Fig. 2
shows that the truncation at higher values of i, j gives
only slightly more accurate values for the formation rates
than truncation at i, j = 2, 2 does. The lower half of Fig. 2
shows that values of the formation rates given by the ap-
proximation are within a few percent of the accurate val-
ues. Indeed, when we plotted accurate values of the mole
fractions on the same figure as the approximate values,
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Fig. 1. Mole fractions of H2, OH, and O2. The upper panel
shows results for the mole fractions (X) as functions of n(H)
for n(O) = 1 cm−3. Solid curves are the results given by the
use of Eqs. (36) to (38), while the lighter, broken curves are
the results given by the standard deterministic rate equation
approach. The lower panel shows the percentage differences as
functions of n(H) between results given by the use of Eqs. (36)
to (38) with P (i, j)’s calculated from Eqs. (26)–(29) on the
assumption that P (i, j) = 0 if either i > 2 or j > 2.

we had difficulty visually distinguishing the “accurate”
curves from the “approximate” curves.

Comparison of the results in Figs. 1 and 2 with the
Monte Carlo results given by Caselli et al. (1998) in their
Fig. 1 shows discrepancies. However, we have found our re-
sults to be in good agreement with those of revised Monte
Carlo calculations (Herbst & Stantcheva 2000). Caselli
et al. (1998) introduced three modifications, and only the
first brings rate equation results closer to our results.

Our results are similar to those of Allen & Robinson
(1977) (cf. Eqs. (36)–(38) with their Eq. (6)). However, we
include H atom desorption and use a correction term for
species formed via slow surface reactions (e.g. Eqs. (33)–
(34)). The Allen & Robinson results are only applicable
for the case of two reactive species on the surface, whereas
our approach allows truncation at higher grain popula-
tions, permitting investigation into the errors involved in
applying different cutoffs to the surface population (e.g.

Fig. 2. Comparison of absolute values of H2, OH, and O2 for-
mation rates. The upper panel shows the percentage differences
between values of the formation rates calculated with the use
of Eqs. (26) to (29) on the assumption that P (i, j) = 0 if either
i > N or j > N . Values of N = 2, 3 and 10 were considered.
The lower panel displays percentage differences between results
obtained with Eqs. (36) to (38) and the N = 10 truncation re-
sults. As in Fig. 1, the squares, circles, and triangles indicate
results for H2, OH, and O2 respectively.

Fig. 2). We note that the similarity in expressions, cou-
pled with the fact that the production rates used are al-
most identical, leads to the results obtained here (for the
case of truncation at N = 2, which implies i, j = 2, 2) be-
ing approximately the same as those of Allen & Robinson
(1977).

4. The hydrogen, nitrogen, and oxygen system

Caselli et al. applied their modified deterministic rate
equation approach to a simple chemical network involv-
ing hydrogen, nitrogen, and oxygen. We now turn to this
network, the details of which are described by Caselli et al.
Table 2 describes the reactions contained in the network.
We constructed a master equation, analogous to Eq. (29),
governing the distribution function giving the probabil-
ity that a grain surface contains given numbers of H, N,
and O atoms and OH, O2, H2O, NH, NH2, NH3, N2, and
NO molecules.
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Table 2. H, N, and O reaction network.

N + H → NH

N + N → N2

N + O → NO

H + NH → NH2

H + OH → H2O

H + NH2 → NH3

Note: Eqs. (23)–(25) are also included in the chemical network.

Fig. 3. Formation rates in the hydrogen, nitrogen, oxygen
chemistry. Γ(i), the formation rate per year of species i, is
given for each of several species as a function of n(H). n(O)
and n(N) were taken to be 1 cm−3 and 0.12 cm−3 respectively.
Triangles, squares, and circles indicate results from a N = 8
truncated solution to the master equation, N = 2 truncated so-
lution to the master equation, and the approximate treatment
respectively.

This simple mechanism, with NH and NH2 reacting to
form only NH2 and NH3 respectively, results in equal rates
of formation of NH, NH2 and NH3 in the steady-state; sim-
ilar considerations apply to OH and H2O. Approximations
for the formation rates of various species, analogous
to those of Eqs. (36) to (38),are easily constructed.

The approximations to the formation rates of H2, OH,
and O2 are obtained from these equations through the
replacement of aH + aO with a, where

a ≡ aH + aO + aN, (39)

and aN is the accretion rate of atomic nitrogen. Below,
kN,O and kN,N are the standard deterministic surface rate
coefficients for

N + O → NO (40)
N + N → N2. (41)

Equation (35) is replaced with

PA(0, 0, 0) =
{

1 +
aH

a+ dH
+
aO + aN

a

}−1

, (42)

where the three indices refer to the number of H, N, and O
atoms on the grain. Approximate values of the formation
rates of NH3, N2, and NO are

ΓA(NH3) = aNaH

[
1

a+ dH
+

1
a

]
PA(0, 0, 0) (43)

ΓA(N2) =
kN,N

kN,N + a

a2
N

a
PA(0, 0, 0) (44)

ΓA(NO) =
2kN,O

kN,O + a

aNaO

a
PA(0, 0, 0). (45)

Figures 3 and 4 show results for the formation rates
and differences between them obtained through the eval-
uation of the ΓAs and the use of the truncation at N = 2
and N = 8 in the solution of the master equation.
Comparison of the results in Fig. 3 with those in Fig. 3 of
Caselli et al. show that, as they expected, the Monte Carlo
method is unreliable for the calculation of the H2 forma-
tion rate where that rate is small; also their modified rate
equations give a very inaccurate H2 formation rate under
such circumstances. Typically, agreement between our ac-
curate results and our approximate results for this chem-
ical system appears rather better than that between the
Monte Carlo and modified rate equation results of Caselli
et al. for other rates. As log–log plots have been used,
the accuracy of the Caselli et al. Monte Carlo results for
the rates of formation of species other than H2 cannot be
assessed through comparison with our N = 8 truncation
results.

Except for the H2 formation rate at low values of n(H),
our approximate results are generally in good agreement
with the accurate N = 8 truncation results. At low values
of n(H) a significant fraction of grains contain one or two
particles each of OH, NH, and NH2 as well as O and N.
Thus, in our approximations at low values of n(H), we
have overestimated the fraction of grains containing only
one H atom, which leads to overestimates of the H2O and
NH3 formation rates as well as the H2 formation rate. The
overestimates of the H2O and NH3 formation rates are not
as great as that of H2 because in our approximate treat-
ment we have neglected the initiation of their formation on
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Fig. 4. Percentage differences of formation rates in the hydro-
gen, nitrogen, oxygen chemistry. Squares and circles indicate
percentage differences between N = 2 and N = 8 truncation
results and between the approximate and N = 8 truncation
results.

the highly populated grains mentioned just above. Neglect
of O2, N2, and NO formation on these highly populated
grains leads to underestimates of their formation rates.

5. Approximate versus exact results for the pure
hydrogen system

The analytic solution for the H/H2 model, developed in
Sect. 2, is exact over the whole range of α(= aH/kH,H)
and δ(= dH/kH,H) values and so provides a comparator
for assessment of the performance of approximations.

We examine four approximations for the rate of
formation of H2:

(i) A deterministic model, based on the solution of stan-
dard chemical kinetic rate equations in the steady
state, which gives:

Γd(H2) ≡ kH,H

8

[
−δ + (δ2 + 4α)1/2

]2
. (46)

(ii) The approximate stochastic model, based on the sim-
plifications developed for the O/H system in Sect. 3:

ΓA(H2) ≡ kH,H
α2

2α+ δ
· (47)

This result is based on the assumption that the rate
is equal to aH P (1), cf. Eq. (31).

(iii) ΓA(H2) can be improved by including a factor
(1+α)/(1+α+ δ), which allows for desorption from a
grain containing two H atoms competing with reac-
tion or further desorption

Γac(H2) ≡
(

1 + α

1 + α+ δ

)
ΓA(H2). (48)

(iv) Finally, a numerical solution of the master equation,
Γ2(H2), was determined, on the assumption that no
grain has more than two H atoms on its surface.

The percentage errors of the different approximations to
Γ(H2) are given by

Ψd ≡ 100
|Γd(H2)− ΓE(H2)|

ΓE(H2)
(49)

Ψ2 ≡ 100
|Γ2(H2)− ΓE(H2)|

ΓE(H2)
(50)

ΨA ≡ 100
|ΓA(H2)− ΓE(H2)|

ΓE(H2)
(51)

Ψac ≡ 100
|Γac(H2)− ΓE(H2)|

ΓE(H2)
· (52)

Figure 5 contains contour plots of the functions Ψd, Ψ2,
ΨA, and Ψac in α, δ space.

Γd(H2), ΓA(H2), and Γac(H2) are always larger than
ΓE(H2). Γac(H2) is everywhere a better approximation to
ΓE(H2) than ΓA(H2) is. Ψbest is the minimum of Ψac and
Ψd, and a contour plot for Ψbest is shown in the lowest
left hand panel of Fig. 5. The lowest right hand panel in
Fig. 5 indicates where Ψac < Ψd and where Ψd < Ψac.
The maximum value of Ψbest is about 48.5.

Γ2(H2) is larger than ΓE(H2) in the upper left of the
α− δ plane and smaller in the lower right. Figure 5 shows
clearly that in the regime where δ > α the accuracy of
Γ2(H2) is greater than that of Γac(H2) and the accuracy
of Γac(H2) is far greater than that of ΓA(H2). The accu-
racy of Γd(H2) is worst in the regime where δ > α and
δ < 2. Thus, of the estimates we have considered, Γ2(H2)
provides the best agreement with ΓE(H2) where the use
of the standard deterministic rate equation approach is
unreliable. Still, there is a large part of parameter space
in which even our simplest estimate, ΓA(H2), gives good
agreement with ΓE(H2).

Note that the range of nH values covered in Sects. 3
and 4, coupled with the rate parameters in Table 1, corre-
spond to 10−7 ≤ α ≤ 10−1 and δ = 1.9 × 10−8. Katz
et al. (1999) proposed a lower values for kH,H. Taking
kH,H = 100 s−1 gives 10−4 ≤ α ≤ 10−2 and δ = 1.9×10−5.
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Fig. 5. Percentage errors of different approximations to the H2 formation rate in the pure hydrogen system. Except in the lowest
right panel, darker regions are those in which the approximations are most accurate.

6. Conclusions

The master equation is simply an analytical formulation
of the same probabilistic problem that others have stud-
ied with a Monte Carlo method. Using the same pa-
rameters the master equation approach and the Monte
Carlo technique produce identical results. Yet for small
systems the master equation method is much more com-
puter efficient, and leads to the formulation of simplifying
approximations.

The solution of the master equation on the assumption
that no grain contains more than two of any given species
yields accurate results for each of the hydrogen and oxygen
and the hydrogen, nitrogen, and oxygen systems for the
parameter regimes we investigated. The examination of
the simple pure hydrogen system shows that the better of

that approach and the standard deterministic rate equa-
tion approach gives an error of less than 50% in the H2

formation rate. Thus, a judicious combination of the two
approaches should allow reasonably accurate solution of
many grain surface chemical problems. The implementa-
tion of techniques for sparse matrix inversion would allow
the treatment of much more complicated surface chemical
networks with the N = 2 truncation method than those
we have considered.

We have introduced simple approximate expressions
for the calculation of formation rates of species. They work
well for the hydrogen and oxygen and the hydrogen, ni-
trogen, and oxygen systems for the parameter regimes we
considered. However, the fractional (but not the absolute)
error in the H2 formation rate is about 100% in the hy-
drogen, nitrogen, and oxygen system for the lowest values
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of the ratio of the atomic hydrogen and atomic oxygen
accretion rates. Thus, the reliability of the use of simple
approximate expressions like those we have introduced de-
pends on n(O) not exceeding n(H).

We can reasonably doubt whether n(O) is very often
higher (in the sorts of cold regions for which the surface
schemes are designed) than we have assumed it to be.
n(O) ≈ 1 cm−3 might be expected where the number den-
sity of hydrogen nuclei, nH, is about 104 cm−3. It is well
known that the depletion timescales at higher values of nH

are shorter than the dynamical timescales (e.g. Williams
1993), and the low fractional abundances of gas phase CO
seen in a number of regions where nH may be <∼105 cm−3

(e.g. Gibb & Little 1998; Willacy et al. 1998; Caselli et al.
1999; Kramer et al. 1999) indicate that depletion may of-
ten become important at low enough densities that n(O)
does not exceed about 1 cm−3. The failure to detect O2

and H2O features towards dense cores in low mass star
forming regions (Goldsmith et al. 2000; Snell et al. 2000)
provides further evidence of low gas phase abundances of
elemental oxygen in many regions with nH not hugely in
excess of 104 cm−3. In short, in many circumstances the
surface chemistry may well have evolved far towards com-
pletion without n(O) ever rising above 1 cm−3, which is
the typical value of n(H) in dark gas subjected to cos-
mic ray induced ionization at the standard rate of about
1× 10−17 s−1.
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